The interplay of superconductivity, Zeeman coupling and Rashba spin-orbit effect is studied theoretically for a one-dimensional system, within the framework of Green's functions formalism. Using the self-consistency equation, we show that the combination of both spin-orbit and Zeeman interactions results in the emergence of a modulated phase at low exchange field and any temperature below the critical one Tc0. We point out that at least two components of the Zeeman field (one longitudinal and one transverse to the spin-orbit field) are needed to generate this 'high-temperature' inhomogeneous phase, and provide its wavevector for both the weak and strong spin-orbit coupling regimes. Finally, we compute numerically the field-temperature phase diagram of the system.
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I. INTRODUCTION
Superconducting systems in the presence of Zeeman field and spin-orbit coupling (SOC) are known to exhibit striking spectral and transport properties: unconventional magnetoelectric effect [1] [2] [3] [4] [5] , modifications in the pairing correlations [6, 7] , Majorana zero-modes [8] [9] [10] [11] [12] or critical field enhancement [13, 14] . This last feature was first observed in the bulk non-centrosymmetric heavy fermion superconductor CePt 3 Si [15] and shortly after in CeRhSi 3 [16] and CeIrSi 3 [17] . Moreover, it has been predicted that the interplay between an in-plane magnetic field and SOC in a surface superconductor would lead to an inhomogeneous superconducting phase [14, 18, 19] , similar to the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase [20, 21] . Low dimensional superconductors with strong SOC were recently fabricated using semiconducting epitaxial wires coated by an extremely thin superconducting metal [22] . Such quasi-one-dimensional systems should also display a superconducting modulated phase.
The inhomogeneous FFLO state originates from the interaction of the superconducting condensate with a Zeeman field (see [23] as a review). The latter causes a spin-splitting, which in turn leads to Cooper pairs with a finite total momentum. For certain values of the Zeeman field, the ground state has an oscillating superconducting order parameter: ∆( r) ∝ e i q· r , where q is the total momentum of the Cooper pairs. As shown in Fig. 2a , the FFLO state appears at low temperatures and high magnetic field. The transition between the normal and the FFLO states is of second order [24, 25] in the ballistic limit.
In a superconducting system, the interplay between Zeeman field h and spin-orbit coupling leads to the following additional term in the Ginzburg-Landau functional [26] :
, where n is a unit vector along the asymmetric potential gradient and the phenomelological constant ε is proportional to the microscopic spin-orbit coupling constant α. This term is always non-zero if the direction of the field h does not coincide with the direction of the spin-orbit vector n and may result in the formation of the modulated state with finite q. This has been theoretically studied in several works on infinite 2D and 3D systems [6, 7, 14, 18, 19, [27] [28] [29] .
In this paper, we investigate the formation of inhomogeneous superconductivity in the presence of spin-orbit interaction for the rather particular situation of onedimensional materials. Consider a superconducting wire along the x-direction, as represented in Fig. 1 . In this case, the modulation may occur only along x, and the vector n is normal to the substrate (along y), which implies that the field h should have a component along the third direction, here z. On the other hand, the modulated phase is characterized by the rotation of the superconducting phase along the wire, which produces a ground state with a finite phase difference ϕ 0 for a finite length wire used as a weak link [30] [31] [32] . Recently such ϕ 0 -Josephson junction has been realized experimentally in nanowire quantum dots [33] . However, in the case of the exactly quadratic electron spectrum, 1D systems have a peculiar behaviour: the modulated phase does not appear if the magnetic and spin-orbit fields are parallel [34] . Consequently, the component h x of the field is also required to generate the non-uniform phase [4, 35] .
In this work, we provide a self-consistent study of the interplay between Zeeman interaction, Rashba spinorbit coupling and superconductivity in a quasi-onedimensional superconductor. Our model is relevant for quasi-1D superconductors like some organic superconductors [24, 36, 37] . Such compounds consist of weakly coupled 1D chains. The interchain coupling is described by a hopping parameter t. If the hopping integral t T c , then the system can be described by a strictly 1D model. On the other hand, as it has been demonstrated in [38] , the mean-field treatment is justified if t T focus on small spin-orbit fields α p F T c and by using the framework of the Green's functions formalism, we derive the Gor'kov equations [39, 40] and analyze the self-consistency gap equation. We show that the condition to obtain a modulated superconducting phase is that the Zeeman field has finite components both parallel and perpendicular to the spin-orbit field. In section III, we demonstrate that this condition also holds in the regime of large spin-orbit coupling α p F T c . In this regime, it is necessary to work in the so-called helical basis. We derive the self-consistency relation in terms of the helical Green's functions, and show that increasing the ratio α p F /h leads to change the superconducting correlations from inter-band to intra-band. We finally provide a complete (h x , h z , T )-phase diagram for different orientations of the Zeeman field and several values of the spin-orbit coupling constant α.
II. WEAK SPIN-ORBIT COUPLING
We consider a single 1D superconducting wire deposited on top of a substrate (Fig. 1) . The mirror symmetry breaking induces Rashba spin-orbit interaction in the wire. A magnetic field can be applied in the plane x − z corresponding to the surface of the substrate, thereby generating the Zeeman coupling. After introducing the Hamiltonian, we derive the corresponding exact Gor'kov equations for the Green's functions of the 1D wire. The self-consistency relation is then studied in the limit of weak spin-orbit interaction and small wave-vector q.
A. Model and Hamiltonian
Let us consider a superconducting wire deposited on top of a substrate (Fig. 1) . The wire is assumed to be infinite along the x-axis, and a Zeeman field h = (h x , 0, h z ) is applied within the plane x − z, thereby making an arbitrary angle θ with the wire. The substrate induces a mirror symmetry breaking along the y-axis which leads to a Rashba spin-orbit interaction in the wire.
The second quantized Hamiltonian of the 1D wire is expressed as:
We consider an infinite superconducting wire along the x-axis. A magnetic field is applied within the plane x − z corresponding to the surface of the substrate, leading to a Zeeman coupling where h = (hx, 0, hz). Inversion symmetry is broken along the direction of the unit vector n normal to the substrate surface, thus inducing Rashba spin-orbit interaction in the wire.
where
The annihilation electronic field operator at position x is written ψ ρ = ψ ρ (x), where ρ is the spin index. The summation is made over the spin ρ, and the Pauli matrices σ i (i = x, y, z) have the standard forms :
The kinetic term H 0 corresponds to a purely quadratic dispersion with an effective mass m and a chemical potential µ. The Zeeman Hamiltonian H h incorporates the effect of a tilted field with respect to the spin-orbit direction. The Rashba Hamiltonian H SO originates from the mirror symmetry breaking due to the substrate, and its strength is given by the spin-orbit velocity α. Finally, H BCS encodes the standard s-wave superconducting correlations within the BCS model.
Because of the Zeeman splitting, the singlet superconducting order parameter can oscillate along the x-axis as:
where ∆ 0 is independent of the position x, and q is the wave vector of the inhomogeneous order parameter Eq. (3).
B. Gor'kov equations
The Gor'kov Green's functions are defined as the following 2-point correlators between the field operators:
where T τ is the time-ordering product for the imaginary time τ , and the brackets denote averaging over the thermal equilibrium distribution at temperature T and chemical potential µ.
Following the standard procedure [40, 41] , we have derived a set of equations of motion for the field operators from which the Gor'kov equations for the correlators Eqs. (4,5) can be easily deduced. It is then convenient to go from the imaginary time variable τ towards the Matsubara frequencies ω n to obtain :
where G = G(x, x , ω n ) and F = F (x, x , ω n ) are matrices defined in spin space, and ω n = 2 π k B T (n + 1/2), n being integer. The differential operator M (x) is defined by :
and 1 corresponds to the identity matrix. To simplify the expressions, we will take = k B = 1 in the following.
C. Solution near the second order transition
Here we solve the Gor'kov equations near the second order phase transition between the normal and superconducting states, namely assuming the limit ∆ 0 → 0.
To this purpose, it is useful to introduce the function G 0 which solves Eq. (6a) for ∆ 0 = 0, and also a closely related function g 0 which is the opposite of the kernel appearing in Eq. (6b). Those functions G 0 and g 0 are defined by the equations :
which are easily solved in momentum space, yielding :
and: 
In the limit ∆ 0 → 0, the Gor'kov Green's function F † can be written as :
Finally, using Eqs. (10, 11, 12) to compute the offdiagonal entry F † ↓↑ of Eq. (13), one obtains :
This expression Eq. (14) is the solution of the linearized Gor'kov equations for the anomalous Green's function. At this stage, no assumptions are made upon the Zeeman fields (h x and h z ) and spin-orbit coupling α in the above equation, the only assumption being the limit ∆ 0 → 0.
D. Self-consistency relation and critical temperature
The self-consistency equation ∆(x) = F † ↓↑ (x, x, τ = 0) for the superconducting order parameter reads in momentum and Matsubara frequency representation :
where γ is the attractive electron-electron BCS effective coupling constant. Near the critical temperature, Eq. (15) can be written in a more convenient form, eliminating γ :
where v F is the Fermi velocity in the absence of SOC, T c is the critical temperature of the wire in presence of Zeeman and Rashba interactions, while T c0 is the critical temperature in the absence of these fields, i.e. for h x = h z = 0 and α = 0. A simple way of seeing the influence of spin-orbit coupling on the emergence of the modulated phase is to expand Eq. (16) in series with respect to the wavevector q as :
This expansion is justified by the fact that the wavevector q is small near the emergence of the non-uniform phase, an hypothesis that we can check a posteriori. We derived Eq. (17) assuming a weak Zeeman field and spin-orbit energy h x , h z T c and α p F T c , and considering that the chemical potential is larger than all the other energies: µ h x , h z , E so , where E so = 1 2 m α 2 . Then, the energy spectrum can be linearized and one can consider that there is only one Fermi surface. In this case, the integrand only depends on ξ and p 2 , thus allowing to integrate with respect to ξ using
and the residue technique for the ξ integration. The main result is the presence of a linear term in q which leads to the emergence of a modulated superconducting state at wavevector
where ζ(s) is the Euler-Riemann zeta function. Hence the modulation requires both finite spin-orbit coupling and a tilted Zeeman field, which is neither perpendicular nor aligned with the SOC (both h x and h z need to be finite). This leads to anisotropic effects that must be observable when the Zeeman field is rotated with respect to the spin-orbit field. Note that q 0 ∝ h 3 α, which is in contrast with the 2D case, where q 0 ∝ h α [18] .
III. STRONG SPIN-ORBIT COUPLING
In the previous section, the self-consistency relation was derived in the case of weak spin-orbit interaction: α p F T c . In this section, we study the opposite case, namely a strong spin-orbit coupling α p F T c . We thus rewrite the normal Hamiltonian in the diagonal basis, called helical basis. In the limit of a small ∆ 0 , superconductivity can be treated perturbatively. The self-consistency equation is obtained by neglecting interband pairing contributions. This allows to plot the (h x , h z , T )-phase diagram for various orientations of the Zeeman field and spin-orbit coupling constants.
A. Model
In normal state, the helical Hamiltonian operator is defined by (see Appendix A for details):
where ε ± = ± h 2 x + (h z ± α p) 2 , λ = ± labels the energy bands, τ 0 is the identity matrix and τ x,y,z are Pauli matrices acting in Nambu space. Solving the Dyson equation i ω n −ĥ hel Ĝ 0 = 1, the Green's function matrix is derived in Nambu-helical space as:
Let us now consider the system in the presence of superconductivity in the limit ∆ 0 T c . The self-consistency equation may be written
where U S is the transfer matrix between spin and helical states given in Appendix B andĜ S is the Green's function in the presence of superconductivity, at first order in ∆ 0 :Ĝ
The label S inĜ S 0 denotes the presence of superconductivity. The Green's functionĜ S contains both intraband and inter-band correlation terms (see Appendix B). In the regime of strong spin-orbit interaction, α p F h x , h z , T c and E so = 1 2 m α 2 µ, one must consider only intra-band correlations. In this case, the self-consistency relation Eq. (23) can be put in a more convenient form, thus eliminating γ:
which is reminiscent of Eq. (16) albeit expressed in the helical basis labelled by λ, rather than in the spin basis. For each helical band λ, the integral over momentum can be turned into an integral over ξ using quasi-classical approach:
is the density of states at zero energy of the band λ, taken at zero order in h x and h z . The integration over ξ is then straightforward and the expression of the self-consistency equation is provided in Appendix C.
B. Modulated phase in the presence of strong SOC
In the same way as Sec. II D, we first investigate the emergence of the modulated phase. We consider small values of the Zeeman field h x , h z T c and small values of q such that q p F :
(28) As expected from the weak spin-orbit case, Eq. (28) shows a linear term in q which leads to the emergence of an inhomogeneous superconducting state at wave-vector:
where q 0 is estimated by maximizing Eq. (28) with respect to q. Similarly to Eq. (19), q 0 is proportional to both longitudinal and transverse components of the Zeeman field, then inducing a modulated phase for each temperature T < T c0 as long as h x and h z are finite.
C. Numerical results
We now consider general values of q and solve numerically the self-consistency equation. Using numerical methods, we extract the temperature as a function of both magnetic field modulus h and wavevector q. For a given h, q is determined such that it maximizes the temperature, which is equivalent to minimize the superconducting condensation energy. This allows to plot the (h x , h z , T )-phase diagram for different orientations of the field, represented in Fig. 2b for α = 0.05 v F (α p F = 100 T c0 ). One can first observe the anisotropy induced by spin-orbit interaction: at fixed critical field (resp. temperature), the critical temperature (resp. field) increases when θ decreases, θ corresponding to the angle between the field and the wire. This means that the superconducting phase is widened when the field tends to be normal to the SOC. As expected from Eq. (28), the field purely perpendicular (θ = 0) or parallel (θ = π/2) to the spin-orbit field correspond to particular cases. When the field is longitudinal (h x = 0), we get back to the FFLO case: the modulated phase emerges at the tricritical point (T = 0.56 T c0 , h = 1.07 T c0 ). However, when the field is transverse to the SOC (h z = 0), the wavevector q is always null, and T c = T c0 for all h. Indeed in the presence of spin-orbit interaction, the wave-vector q must be perpendicular to the Zeeman field, which is not the case when the field is aligned with the wire; then q = 0. One can also compare the (h x , h z , T )-phase diagrams for different values of the spin-orbit coupling constant α at h x = h z (Fig. 2c) . Globally, the presence of spin-orbit interaction enlarges the superconducting part of the phase diagram. For a finite α and a temperature between T and T c0 , the values of q are very small. They can be estimated from Eq. 29 for a small Zeeman field: at h = 0.5 T c0 , θ = π/4 and α = 0.05 v F , q ≈ 10 −10 p F . But these values significantly increase for temperature smaller than the tricritical temperature: the FFLO modulation is added to the modulation coming from the interplay between the Zeeman and spin-orbit interactions.
IV. CONCLUSION
We have shown that in quasi-one dimensional superconducting systems, the interplay between Rashba spinorbit interaction and a Zeeman field with two components h x and h z gives rise to a superconducting modulated phase characterized by a wavevector q ∝ h 2 x h z . This inhomogeneous phase is always energetically more favorable than the uniform one for all temperatures below T c0 . To study the influence of spin-orbit interaction on the (h x , h z , T )-phase diagram, it is necessary to work in the helical space. When the ratio α p F /h increases, superconducting correlations change from inter-band to intra-band, which was also demonstrated in two dimensions in [7] . We have plotted the phase diagram in the case of strong spin-orbit coupling for different orientations of the Zeeman field and several values of the spinorbit constant, and highlighted the anisotropy caused by SOC. At last we have shown that increasing α and the ratio h x /h z allows superconductivity at larger tempera- 
ture.
Finally, some perspectives result from this work. Because of its sensitivity to impurities [42] , it is experimentally difficult to stabilize the FFLO state. However, spin-orbit interaction should be sufficient to protect the modulated phase [43] . Thus one could emphasize that the non-uniform phase would be directly observable in an experimental system made of a superconductor coupled to a ferromagnet with strong spin-orbit interaction.
Our model may be generalized to the two wire (or two plane) system, where superconductivity is generated in one wire (plane), while the spin-orbit and exchange interactions occur in the other one. Such model may be relevant for the description of S/F systems with spin-orbit interaction. Using a method similar to [44] , we should obtain the exact solution for this model in terms of the Gor'kov Green's functions.
Moreover, we outline that the system described in the present paper could be used as a link between two identical superconductors to create an anomalous Josephson junction [30, 31] , similarly as [33] . Note that in [45] it was demonstrated that a superconductor with a conical helical magnetic structure is described by the same model as a 1D wire with spin-orbit and exchange interactions. The theoretical analysis of the Josephson effect in 1D conical ferromagnet [46] demonstrates the emergence of the ϕ 0 -junction. In such a system, the modulation parameter q would play the role of the phase difference needed to generate a current in the junction, which would open new possibilities of application of these ϕ 0 -junctions in memory devices [47] .
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